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1 Basics

Poisson Distribution:

f(x;λ) = P (X = x) =
λx exp(−λ)

x!
for

E[X ] = V [X ] = λ

Gamma Distribution:

f(x;α, β) =
βα

Γ (α)
xα−1 exp(−xβ), x ∈ (0,∞), α, β > 0

E[X ] = α/β

V [X ] = α/β2

Negative Binomial Distribution

X denotes the trial at which the rth success occurs:

f(x;λ) = P (X = x) =

(
r + x− 1

x

)

pr(1− p)x for

E[X ] = r
1 − p

p

V [X ] = r
1 − p

p2

2 Hierachical Model (Mixture Distribution)

Y |ν ∼ Po(λν)

ν ∼ gamma(α, β)



Marginal pmf of Y

fY (y) =

∫
∞

0

fY,ν(y, ν)dν

=

∫
∞

0

fY (y|ν)fν(ν)dν

=

∫
∞

0

(λν)y exp(−λν)

y!

βα

Γ (α)
να−1 exp(−νβ)dν

=

∫
∞

0

λyνy+α−1 βα

y!Γ (α)
exp(−ν(β + λ))dν

=
βαλy

y!Γ (α)

∫
∞

0

νy+α−1 exp(−ν(β + λ))
︸ ︷︷ ︸

Kernel of a gamma pdf with (y+α,β+λ)

dν

=
βαλy

y!Γ (α)

Γ (y + α)

(β + λ)y+α

∫
∞

0

(β + λ)y+α

Γ (y + α)
νy+α−1 exp(−ν(β + λ))dν

︸ ︷︷ ︸

=1(gammapdf)

=
βαλy

y!Γ (α)

Γ (y + α)

(β + λ)y+α

=
(y + α− 1)!

y!(α− 1)!

(
β

β + λ

)α (
λ

β + λ

)y

=

(
y + α− 1

y

)(
β

β + λ

)α (

1−
β

β + λ

)y

︸ ︷︷ ︸

Negative bionomial with r=α,p=β/(β+λ)

with mean E[Y ] = r 1−p
p = αλ/(β+λ)

β/β+λ = α
βλ and variance V [Y ] = αλ(β+λ)

β2 .

Unconditional Mean and Variance of Y (without deriving the
marginal pmf of Y )

The unconditional mean and variance of Y can be derived using law of iterated
expectations.

1. Unconditional Mean:

E[Y ] = E[E[Y |ν]] = E[λν]

= λE[ν] = λ
α

β
(1)

2. Unconditional Variance:

V [Y ] = V [E[Y |ν]] + E[V [Y |ν]]



= V [λν] + E[λν]

= λ2V [ν] + λE[ν]

= λ2 α

β2
+ λ

α

β

=
αλ(β + λ)

β2
(2)

3 NEGBIN I

(constant dispersion model)

Assume α = β ≡ λ
σ2 , then E[ν] = 1 and V [ν] = σ2

λ . Given equations 1 and 2,
unconditional mean and variance of the count data Y :

E[Y ] = λ

V [Y ] = λ(1 + σ2)

V [Y ]

E[Y ]
= (1 + σ2) (constant dispersion)

4 NEGBIN II

(mean dispersion model)
Assume α = β ≡ 1

σ2 , then E[ν] = 1 and V [ν] = σ2. Given equations 1 and 2,
unconditional mean and variance of the count data Y :

E[Y ] = λ

V [Y ] = λ(1 + λσ2)

V [Y ]

E[Y ]
= (1 + λσ2) (mean dispersion)


